Introduction. Let M be a smooth connected manifold, and E a bracket-generating (=nonholonomic) k-dimensional distribution on M (a smooth k-dimensional subbundle of TM). A smooth path : [, fl ([6], [8], [10] ). Now that these phenomena have been discovered, the theory of abnormal and rigid paths is being intensively developed, and the main directions are as follows:
satisfy the sub-Riemannian geodesic equations (Euler-Lagrange equations for the Lagrange problem in the calculus of variations). Moreover, a rigid curve might be a sub-Riemannian geodesic with respect to any sub-Riemannian metric ([6] , [8] , [10] ).
Now that these phenomena have been discovered, the theory of abnormal and rigid paths is being intensively developed, and the main directions are as follows: (1) The relations between the rigidity, abnormality, and one of the optimality properties. One can distinguish optimality properties which are (a) local-in-time and global-in-paths-space (like the property to be a geodesic), (b) global-in-time and local-in-paths-space [2] ;
(2) The description of abnormal and rigid paths of generic k-distributions on n-manifolds or of distributions of a certain special class (say, with a fixed growth vector).
Results in the first direction can be found in works [1] , [2] , [6] , [8] , [-10] , [11] . The present paper is a contribution to the second direction presented, at the time being, by the following results:
(1) A complete description of abnormal and locally rigid paths of Martinet distributions [6] , [9] , [10] . A Martinet distribution is a 2-distribution on a 3-manifold M 3 with the growth vector (2, 3) at a generic point of M 3 (points outside a smooth surface S) and the growth vector (2, 2, 3) at any point of S. The set of all Martinet distributions is open in the space of all 2-distributions on M3, but it is not dense.
(2) A complete description of abnormal and rigid paths of Engel distributions ([5] , [6] ; see also [11] ). An Engel distribution is a 2-distribution on a 4-manifold M 4 with the maximum growth vector (2, 3 , 4) at any point. The set of Engel distributions is open in the space of all 2-distributions on M', but it is not dense.
(3) A complete description of abnormal and locally rigid paths of 2-distributions on a 5-manifold M 5 with the growth vector (2, 3, 4, 5) at any point ([5] , [6] ; see also [11] ). The set of these distributions has codimension in the space of all 2-distributions on M5.
(4) Local existence theorems for rigid paths of generic 2-distributions on a manifold M" of dimension n > 5: if p M" is a generic point, then for any admissible direction at p there exists a rigid path passing through p in the direction ([5] , [6] ; see also [11] ). Moreover, there exists a family of rigid fields of directions, i.e., a family of line subdistributions d of a 2-distribution E such that any d-path is E-rigid [12] . (5) The absence of abnormal paths of strong bracket-generating distributions (in particular, contact structures), and the absence of rigid paths passing through a generic point of a generic k-distribution on an n-manifold if n < k + k(k 1)/2 (see [1] , [-6] , [8] ).
The contribution of this paper is a complete and explicit description of all rigid paths of generic 2-distributions on a 3-manifold M3. (It means that we describe all rigid paths of 2-distributions on M 3 of a certain open and dense set in the space of all 2-distributions.) As far as we know, it is the first result of this type. The paper is organized as follows. The first section contains main results of the works [7] , [13] , [14] concerning local geometry and normal forms of generic 2-distributions on M3. (We need to distinguish different types of singularities to formulate main results; the normal forms are used in our proofs.) In particular, we define the Martinet surface Smthe surface of all singular points (at which a generic 2-distribution E on M 3 does not define a contact structure), and three types of points of S: transversality points (at which E is transversal to S), saddle points, and focus points. Saddle and focus points are isolated points of S at which E is tangent to S, they are singular points of the foliation F TS E of S. The topological types of F near a saddle and a focus point are different (see Figure 1 ).
It is known that all abnormal paths live in the Martinet surface S [6-1, [10] .
Therefore, to describe rigid paths, we have to analyze the structure of all admissible paths in the Martinet surface. We do this in Section 2. A path containing only transversality points of S is contained in a leaf of the foliation F, and therefore we have to understand the local structure of paths in S containing saddle and focus points. The foliation F is generated by a smooth vector field C on S vanishing at saddle and focus points. ( We define C in the first section and call it the characteristic vector field.) For a path in the Martinet containing a saddle point p to be admissible, it must lie in one of the C-invariant manifolds (stable and unstable 1-dimensional manifolds) that meet transversally at p (see Figure 1 ( The fact that a path in S of the type (4) is not rigid is proved in Section 4: we use a local normal form of a distribution near a saddle point to build a smooth 1-parameter deformation containing paths joining the same endpoints.
In Section 5 we introduce the notions of separating and strongly separating surface of an admissible path. We believe that these notions have independent significance. The existence of a separating surface is a stronger property than the rigidity. We show (by using normal forms) that, locally, a separating surface exists for any admissible path in S of one of the types (1)-(3). It proves the local version of the main theorem.
To prove the global rigidity of paths of the types (1)-(3), we give an invariant way of constructing strongly separating surfaces of any immersed nonclosed admissible path in S without tangency points (Section 6), and a way of pasting of separating surfaces (Section 7). We also prove that any immersed admissible path in S(E) containing no tangency points has a strongly separating surface, even if it is closed or self-intersecting.
I. Geometry of singularities and normal forms. In this section we present main results of the works [7-1, [13] , [14] on local geometry and normal forms of 2-distributions on 3-manifolds in the form convenient for the problems of the subRiemannian geometry. The phase portrait of any characteristic vector field C near a hyperbolic tangency point is a saddle (see Figure 1 (a)), since the eigenvalues of C at p are real and of different signs. The phase portrait of C near an elliptic tangency point depends on the nonlinear part of the Taylor series of C at p. It turns out that it is always a weak nondegenerated focus ( Figure 1 (b) ).
1.7. Weak nondegenerated focus. The definition of a weak nondegenerated focus is as follows. Let C be a vector field on a 2-manifold S having pure imaginary eigenvalues +V/-1 at a point p S. There exist local coordinates x, y on S (near p) such that the 3-jet of C at p is as follows:
where R 2 x2 q-x2. This means that in the polar coordinates R, q9 (x R cos y R sin q), the restriction of the field C to a small enough neighbourhood of p is given by the system of ordinary differential equations of the form
Definition. We say that the phase portrait of C near p is a weak nondegenerated focus if the eigenvalues of C at p are pure imaginary, and the parameter x in the normal form (1.1) is not 0.
If the phase portrait is a weak nondegenerated focus, then the phase curves of C located near p are spirals (Figure 1 (b) ). If x < 0, then p is an asymptotically stable singular point of , if x > 0 for the field -C (see [3] 
The invariant submanifolds L1, 2 of any characteristic vector field on S(E) containing the saddle point p (0, 0, 0) are given by the equations x y 0 and z y 0 (the z-axis and the x-axis). For the characteristic vector field (1.4), the z-axis is the stable manifold, and the x-axis is the unstable manifold. We keep the notations of Section 1 and denote by S S(E) the set of all singular points (the Martinet surface) and by T T(E) the set of all tangeney points (consisting, under the generieity conditions (G1) and (G2), of saddle and focus points).
It is known that all abnormal (and therefore all rigid) smooth (and even absolutely continuous) paths lie in the Martinet surface (see [6] , [10] [6] , [10] . The [10] , [9] , [6] . The 7) is contained in U/. The set U / will be called the positive side of G with respect to 7, and the set U-the negative side.
It is obvious that the existence of a separating surface of an path 7 is a stronger property than the rigidity of 7.
PROPOSITION 5.1. Assume that an E-path 7 has a separating surface in a neighbourhood U of the image of 7. Then 7 is a rigid path.
We need one more property of E-paths that is even stronger than the existence of separating surfaces.
Definition. We will say that G is a strongly separating surface of the path y in the neighbourhood U if it is a separating surface and if any E-path y, defined on a subinterval [ Figure 3 and Figure 4 respectively. These notions are well defined for a closed path as well (see Figure 5 ). A separating surface G of an admissible path 7 joining a to b: Cl-close admissible paths starting at a point of 7 leave G and stay "above" G as soon as they leave ?.
FIGURE 4
A strongly separating surface G of an admissible path , joining a to b: Ca-close admissible paths starting at a point of 7 leave G and stay "above" G as soon as they leave ,. Ca-close admissible paths starting "above" G stay "above" G.
, preserving the orientation of 7. Moreover, the positive sides of G with respect 5 .2. Examples. Our first example is the existence of a strongly separating surface of admissible paths in S(E), where E is the distribution generated by vector fields (1.2) (the Martinet normal form). Note that for this distribution any immersed E-path in the Martinet surface {x 0} has the form x(t)= O, y(t)= t, z(t) 0, up to reparametrization. LEMMA 5.1. Consider a distribution E on IR a 9enerated by vector fields (1.2) and the E-path (t)= (x(t), y(t), z(t))= (0, t, O) defined on an interval [, fl]. The surface G {z 0} is a stronoly separatin9 surface in U ]R 3 of 7. The positive side of this surface is the semispace {(x, y, z): z > 0}.
Proof. Let The admissibility of implies the existence of functions ul (t) and u2(t such that (t) u(t), )(t) u2(t), (t) 2(t)u2(t). The cylinder G is a strongly separating surface of an admissible closed path ,. Cl-close admissible paths starting at a point of leave G and stay outside G as soon as they leave . Cl-close admissible paths starting outside G stay outside G.
By (5.1), U2(t > 0 for all t, and therefore the following inequality holds: Remark 5.2. In the same way, we can prove that the path ,(t) (x(t), y(t), z(t)) (0, -t, O) has the same separating surface {z 0}, but in this case the positive side is the semispace {z < 0). Therefore, changing the orientation of 7 leads to a change of the positive and negative sides of the separating surface G.
In the second example we consider the distribution E generated by vector fields (1.3) (normal form near a saddle point p) , and show the existence of a separating (not strongly separating) surface of any immersed path starting at p. LEMMA 5.2. Consider a distribution E on IR a #enerated by vector fields (1.3) and the E-path 7(0 (x(t), y(t), z(t)) (0, O, t), [ f'(t) ((t);(t) + :2(t)(t) + b3(t)2(t))z'(t). 
(Q(t).(t))' Q(t)u(t)(2(t)(t) + ba(t)(t)).
For all (,/] we have [1, fill c [, fl-l).
In the next sections we develop the theory of separating surfaces to prove the global rigidity.
Strongly separating surfaces of nonclosed paths in S(E) T(E). In this sec-
tion we give an invariant way of constructing a family of strongly separating surfaces of any immersed simple nonclosed admissible path in S(E) T(E).
The existence of strongly separating surfaces implies the rigidity of any simple nonclosed admissible paths 7 containing no tangency points (a part of the first statement of Theorem 3.1.), while the method of their construction will be essentially used in the proofs of the global rigidity of paths of the types (2) and (3) Note that paths satisfying the requirements of Theorem 7.2 might be closed, they might repeat their image, and they might be nonclosed but self-intersecting.
Note also that any immersed admissible path in S(E) T(E) either is simple (has no multiple points) and nonclosed, or satisfies the requirements of Theorem 7.2. Therefore, joining the results of Theorems 6.1 and 7.2, we obtain the following. THEOREM 7.3. Any immersed path in S(E) T(E) has a strongly separatin9 surface.
As a corollary of this theorem, we obtain a part of Theorem 3.2: any immersed path in S(E) T(E) is rigid. 
